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In this paper, we prove that for a Kohn–Nirenberg domain if 1< k < p
2
p2−q2 , q  p then there
does not exist any C 1-peak function and support surface at the origin.
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1. Introduction
Let Ω be a domain in Cn with smooth boundary. We denote by Aα(Ω) (0 α ∞) the space of functions holomorphic
on Ω and of class Cα on Ω . Recall that a point p ∈ ∂Ω is a peak point relative to Ω for Aα(Ω) if there is a function
f ∈ Aα(Ω) satisfying f (p) = 1 and | f (z)| < 1 for all z ∈ Ω\{p}. We call f a peak function. A holomorphic support surface
for Ω at p is a complex manifold M of codimension 1 with the property: there exists a neighborhood N(p) of p such that
Ω ∩ N(p) ∩ M = {p}.
Hakim and Sibony [3,4] and Pﬂug [7] show that every strongly pseudoconvex point of ∂Ω is a peak point. But this
property fails in general for weakly pseudoconvex point as an example by Kohn and Nirenberg [5] shows. (See also Krantz’s
book [6].) Even for the only nonstrongly pseudoconvex boundary point the property is still valid. Fornaess [1] gives such an
example by reﬁning the Kohn–Nirenberg example.
In particular, the Kohn–Nirenberg example is the domain deﬁned near the origin by Ω = {(z,w): Re w + |zw|2 + |z|8 +
15
7 |z|2 Re(z6) < 0}. Fornaess reﬁnes the example as follows: Ωt = {(z,w): r(z,w) = Re w + |zw|2 + |z|6 + t|z|2 Re(z4) < 0}.
The main conclusion in his paper [1] is that there does not exist any C 1-peak function f on Ωt if 1 < t < 95 . In [2] the
Kohn–Nirenberg example shows that there exist pseudoconvex domains with points in the boundary where there is no
supporting surface.
In this paper, we consider a general modiﬁcation of the Kohn–Nirenberg example which is the germ of a set near the
origin in C 2: Ωk = {(z,w) ∈C 2: r(z,w) = Re w +|zw|2 +|z|p +k|z|p−q Re(zq) < 0}, where p ∈ R, q ∈ Z+ , and p−q−2 0.
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J. Han et al. / J. Math. Anal. Appl. 365 (2010) 410–414 411Theorem 1. Let Ωk be the above set. If |k| < p2p2−q2 then Ωk is a strongly pseudoconvex domain away from the origin, and if 1 < k <
p2
p2−q2 , q  p then there does not exist anyC
1-peak function and support surface at 0 ∈ ∂Ωk.
2. Preliminaries
The following result is important for studying peak functions with some regularity. For a proof see, e.g., Proposition 12.2
of [2].
Lemma 1 (Hopf Lemma). Let Ω Cn be a domain withC 2 boundary and assume φ : Ω → [−∞,0) is plurisubharmonic. Then there
exists a constant c > 0 such that φ(z)−c d(z, ∂Ω) for all z ∈ Ω .
Lemma 2.
∑
n=1,3,5,...,2m−1
enθ i = 0 ⇔ mθ = dπ, θ = 0, d ∈ Z\{0} and m  d.
Proof. Notice that
∑
n=1,3,5,...,2m−1
enθ i = e
θ i(1− e2mθ i)
1− e2θ i =
2 sin θ sin2mθ + 2 sin θ(1− cos2mθ)i
(1− cos2θ)2 + (sin2θ)2 .
Therefore
∑
n=1,3,5,...,2m−1
enθ i = 0 ⇔ sin θ sin2mθ = 0, sin θ(1− cos2mθ) = 0 and cos2θ = 1
⇔ mθ = dπ, θ = 0, d ∈ Z\{0} andm  d. 
Lemma 3. Let Ωk be the same as Theorem 1. If |k| < p2p2−q2 , then the origin is the only nonstrongly pseudoconvex boundary point
for Ωk.
Proof. For ξ = (z,w) ∈ ∂Ωk and t = (t1, t2) ∈ C2, we write ∂rξ (t) for ∂r∂z1 (ξ)t1 + ∂r∂z2 (ξ)t2, and we write Lξ (r, t) for∑2
j,k=1 ∂
2r
∂z j∂zk
(ξ)t jtk , the Levi form of r at ξ applied to t .
To prove that Ωk is a strongly pseudoconvex domain away from the origin it suﬃces to verify the positive deﬁniteness
of the Levi form of r along the complex tangent plane, i.e. Lξ (r, t) > 0, for all ξ0 = (z0,w0) ∈ ∂Ωk\{0} and all t ∈ TCξ (∂Ωk) =
{t ∈ C2: ∂rξ (t) = 0}.
Without loss of generality, we let t = (−rw , rz) here. Calculations lead to the following formula:
Lξ0(r, t) = rzz|rw |2 − rzwrwrz − rzwrwrz + rww |rz|2
= 1
4
|w0|2 + p
2
16
|z0|p−2 + k p
2 − q2
32
|z0|p−q−2
(
zq0 + z0q
)+ o(|w − w0|2 + |z − z0|p−2)
 1
4
|w0|2 + p
2
16
|z0|p−2 − |k| p
2 − q2
16
|z0|p−2 + o
(|w − w0|2 + |z − z0|p−2)
> 0, if |k| < p
2
p2 − q2 .
It is easy to see that the origin is the only nonstrongly pseudoconvex boundary point. 
Remark 1. In fact, a careful examination of the preceding proof will show that Ωk is a strongly pseudoconvex domain
away from the origin only if p,q ∈ R, q  0, and p − q − 2  0. The simplest case is p = 2 and q = 0, accordingly, Ωk =
{(z,w) ∈C 2: r(z,w) = Re w + |zw|2 + (1+ k)|z|2 < 0}. A simple computation shows that the origin is the only nonstrongly
pseudoconvex boundary point if k > −1.
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We now proceed in three steps.
Step 1. If |k| < p2
p2−q2 then Ωk is pseudoconvex domain and strictly pseudoconvex away from the origin.
Proof. It is Lemma 3. 
Step 2. If 1< k < p
2
p2−q2 , q  p then there does not exist any C
1-peak function at 0 ∈ ∂Ωk .
Proof. Assume for a contradiction that such a function f exists. Let g = Re f − 1, then g : Ωk → [−∞,0) is plurisubhar-
monic. By Lemma 1 (Hopf Lemma) it follows that there exists a constant c > 0 such that g(z)−c d(z, ∂Ωk) for all z ∈ Ωk .
Hence the derivative at 0 of g in the direction of the outward normal is positive.
Let α := ∂ g
∂u (0,0) > 0 and ε > 0 be any small number. Then there exists a small neighborhood of the origin N(0) such
that α − ε < ∂ g
∂u (z,w) < α + ε, ∀(z,w) ∈ N(0).
Choose a u < 0 suﬃciently close to zero, and let z be any complex number with |z| = 110 |u|
1
p .τ for some τ ∈ (0,1]. Then
the point P := (z,u) ∈ Ωk . Also the point Q := (z,− 110p τ p(1 + k + ε)|u|) is in Ωk . Generally, for ∀ζ ∈ P Q = {(z,−t|u| −
(1− t) 110p τ p(1+ k + ε)|u|): t ∈ [0,1]}, we have
r(ζ ) = −t|u| − (1− t) 1
10p
(1+ k + ε)|u| + 1
10p
τ p|u| + k 1
10p
τ p cosϑ |u|
+ 1
102
|u|2+ 2p τ 2
[
t + (1− t) 1
10p
τ p(1+ k + ε)
]2
= −|u|
{
t
[
1− 1
10p
(1+ k + ε)τ p
]
+ 1
10p
τ p
[
k(1− cosϑ) + ε]
}
+ 1
102
|u|2+ 2p τ 2
[
t + (1− t) 1
10p
τ p(1+ k + ε)
]2
< 0, when u and ε are suﬃciently small.
Hence P Q ⊂ Ωk .
Since g|Ωk < 0, it follows that
g(z,u)
u∫
− 1
10p
τ p(1+k+ε)|u|
∂ g
∂t
(z, t)dt < −(α − ε)
[
1− 1
10p
τ p(1+ k + ε)
]
|u|. (1)
Since g(0,0) = 0, we also know that
g(0,u) =
u∫
0
∂ g
∂t
(0, t)dt > −(α + ε)|u|. (2)
Assume in addition that zq < 0. It is easy to see that B := (z, 110p (k − 1− ε)|u|τ p) ∈ Ωk , and likewise
g(z,u)
u∫
1
10p
(k−1−ε)|u|τ p
∂ g
∂t
(z, t)dt < −(α − ε)
[
1+ (k − 1− ε) 1
10p
τ p
]
|u|. (3)
To get a normal family type of argument, let us deﬁne a harmonic function νu(η) on the unit disc {η ∈ C: |η| < 1} as
νu(η) = [g(η 110 |u|
1
p ,u) − g(0,u)]/|u|.
On one hand,
νu(η) <
[
−(α − ε)
[
1− 1
10p
τ p(1+ k + ε)
]
|u| + (α + ε)|u|
]
/|u|
= 2ε + (α − ε) 1
p
|η|p(1+ k + ε) 2ε + (α − ε) 1
p
(1+ k + ε).10 10
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1
p ,u) and (2), there exists some δ such that g(η 110 |u|
1
p ,u) > −(α+ε)|u|,
∀|η| < δ. So we have νu(η) > [g(η 110 |u|
1
p ,u) + 0]/|u| > −(α + ε).
Hence the harmonic functions {νu}u<0 are uniformly bounded on the neighborhood: {η ∈ C: |η| < δ}, and νu(0) = 0 for
all u.
Then if we let ν(η) be the limit of a subsequence as u ↗ 0, then ν is harmonic with ν(0) = 0 and we can obtain the
following estimates on ν from (1), (2) and (3).
ν(η) α(1+ k) 1
10p
|η|p (4)
and when ηq < 0,
ν(η)−α(k − 1) 1
10p
|η|p . (5)
Here the reason why ε does not appear in these last inequalities is that we are allowed to let ε approach zero when u
approaches zero.
Since ν is harmonic, it is the real part of a holomorphic function f (η) with f (0) = 0. From (4) and (5) it follows that
f (η) = Aηp + O (|η|p+1), A = 0. In fact, if f (η) = Aηt + O (|η|t+1), t < p. Let Aηt = |A||η|t(cosβ + i sinβ). Then ν(η) =
Re f (η) = |A||η|t cosβ + O (|η|t+1) α(1 + k) 110p |η|p , i.e. |A| cosβ + O (|η|) α(1 + k) 110p |η|p−t . If we choose a suitable β
such that |A| cosβ > 0 and let |η| approaches zero, then we have 0< |A| cosβ  0. This is a contradiction.
If f (η) = Aηt + O (|η|t+1), t > p. Let Aηt = |A||η|t(cosβ + i sinβ). Then when ηq < 0 we have ν(η) = Re f (η) =
|A||η|t cosβ + O (|η|t+1)  −α(k − 1) 110p |η|p , i.e. |A||η|t−p cosβ + O (|η|t−p+1)  −α(k − 1) 110p . Let |η| approaches zero,
then we have 0−α(k − 1) 110p < 0. We obtain a contradiction.
Assume that ηn = εe
nπ i
q . When n takes odd integer, we have ηq < 0. By (5) it follows that
ν(ηn)−α(k − 1) 1
10p
|η|p . (6)
Since ν(ηn) = Re f (ηn) = Re(Aεpen
pπ
q i) + O (εp+1), we have
∑
n=1,3,5,...,2m−1
ν(ηn) = Re
(
Aεp
∑
n=1,3,5,...,2m−1
en
pπ
q i
)
+ O (εp+1).
Now let d = p,m = q and θ = pπq = 0. Then mθ = dπ . Since q  p, it follows that m  d. Applying Lemma 2, we have∑
n=1,3,5,...,2m−1
en
pπ
q i = 0.
Therefore∑
n=1,3,5,...,2m−1
ν(ηn) = O
(
εp+1
)
.
In addition, by (6) we have
∑
n=1,3,5,...,2m−1
ν(ηn)−mα(k − 1) 1
10p
εp .
So O (εp+1)−mα(k − 1) 110p εp , i.e. O (ε)−mα(k − 1) 110p . Let ε approaches zero, we obtain 0−mα(k − 1) 110p < 0,
which is a contradiction. 
Step 3. If 1< k < p
2
p2−q2 , q  p then there is no support surface at 0 ∈ ∂Ωk .
Proof. Assume there is a support surface M for Ωk at the origin. We shall study two different cases:
(i) The case where T0M = w-axis, then M is a graph {z = φ(w)} of w . Now let w = −ε, then r(φ(w),w) = −ε+O (ε4) <
0 if ε is small, hence M ∩ Ωk = {0} in every neighborhood of 0. Therefore we have a contradiction with M as a support
surface.
(ii) The case where T0M has a component in the z-direction, then M can be written as a graph over the z-axis, M =
{w = φ(z)}. We shall divide this into three different cases.
(a) When φ(z) = αzt + O (zt+1), t  p + 1.
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surface. It is a contradiction.
(b) When φ(z) = αzt + O (zt+1), t  p − 1.
We choose θ such that αeiθt < 0. Let z = εeiθ and w = φ(z) = αεteiθt + O (εt+1). Then r(z,w) = −|α|εt + O (εt+1) < 0.
Hence M is not a supporting surface. It is a contradiction.
(c) The only remaining case is when φ(z) = αzp + O (zp+1).
Let zn = εen
π
q i and wn = φ(zn). Then r(zn,wn) = εp[Re(αen
pπ
q i) + 1 + k cosnπ + O (ε)]. We take n = 1,3,5, . . . ,2m − 1,
it follows that
∑
n=1,3,5,...,2m−1
r(zn,wn) = εp
[
Re
(
α
∑
n=1,3,5,...,2m−1
en
pπ
q i
)
+
∑
n=1,3,5,...,2m−1
(1+ k cosnπ) + O (ε)
]
. (7)
As Step 2 we have done, let d = p, m = q and θ = pπq = 0. Then mθ = dπ .
Since q  p, it follows that m  d. Applying Lemma 2, we have
∑
n=1,3,5,...,2m−1
en
pπ
q i = 0.
Since n takes odd integer, we obtain∑
n=1,3,5,...,2m−1
(1+ k cosnπ) =m(1− k) < 0.
Thus by (7) we have∑
n=1,3,5,...,2m−1
r(zn,wn) < 0.
Nevertheless, it follows that M ∩ Ωk = {0} from (zn,wn) ∈ M . This implies r(zn,wn) > 0 for all n. Hence∑
n=1,3,5,...,2m−1
r(zn,wn) > 0.
We get a contradiction. 
Remark 2. Ω and Ωt are the special cases (with p = 8, q = 6, k = 157 and p = 6, q = 4, k = t respectively) of a more general
domain Ωk (with p ∈ R, q ∈ Z+ , and p − q − 2  0). The condition of Theorem 1 implies that p > 4. In fact, we can get
p  4 from p ∈ R, q ∈ Z+ , and p − q − 2 0 easily. But it is impossible for p = 4. Since p = 4, then q = 1,2,3. If q = 1,2,
then q | p. It is a contradiction. If q = 3, then p − q − 2= −1< 0, which contradicts the fact that p − q − 2 0.
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